<C3> DIFFERENTIATION

Answers - Worksheet A

1 a ¢ b 3¢* c - d —
X 2x
2 a -2 b 6+ ¢ o+5¢ d 3 +2¢
e %-i—%f% £ 2.5¢— L g —*+°2 h 14¢t-2+4¢
1 8 1
24 S _ 2
or ; 2\/; or p t2
3 a2 Yopdie b ¥ =7¢ —10x+3 ¢ =lyse
dx dx dx X
2 2 2 1
&Y = 24x+ ¢ S =7e- 10 S =t i
d dl_Sx"‘E e d—y=—3x_2+é f dl:zx’%-pi
dx X dx X dx 4x
2 2 2 3
d% =5¢" - 6x” ZTJ; =6x" —3x" jx—f =—_x 2 — %x_z
4 a flx)=3+¢ b f/(x)= 1 —2x
X
£/0)=3+1=4 f/(4)=1-8=-73
¢ f)=1x7+2 d f£/(x)=5¢e - 2x7
X
f(9=1+2=1 f(-1)=5¢7+16  [19.0(3sD ]
5 a -3 _g-9 b ¥ =24e-36=0 ¢ Yoe-14+2=0
dx X dx dx X
5=8x e’ =15 3 - Tx+2=0
x=3 x=In1.5 Bx-1D(x-2)=0
[ 0.405 (3sf) ] x=1,2
6 a fl(x)=2e-3=7 b f/(x)=15+ 1 =23
X
e'=5 1_g
X
x=In5 [1.61(3sD] x=1
¢ f'()=1x-2+1=11 d /()= —2x=4
X X
X —4x+4=0 ¥+2x-15=0
(x=2)"=0 (x+5)(x-3)=0
x=2 In x only real forx>0 .. x=3
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SP: & -2=0
x=1In2

d? +

& =

2
x=1In2: 37); =2

s (In2,2-21In2), min

d Y =4_s¢
dx
SP: 4-5¢=0
x=In ¢
2
el
_ d’y _

So(In 2,41In £ —4), max
5 5

D= ]+ e
dx

2

3;; = ke"

X:E
d2y .2
o
2

_ 1.4y _

b, 4
dx X
sp: 2-%-9
X
x=2
dzy_ )
£ =4
2
x—2:3x—f—1

(2,11 -41n2), min

d? d x x x
. (1 —x);f +xay —y=(1 —x)ke" + x(1 + ke") — (x + ke")

=ke* —fxe"+x+hkxe"—x—ke'=0
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== _1
x x 2
1
SP: 2 - 1x7 =0
X
1
4-x>=0
1
x> =4, x=16
2
d—);= 270+ 1x7
D o

- (16, 81n 2 — 4), max
Y —ox—26+ 2
dx X

SP: 2x—-26+ 12 =0
X

¥ —13x+36=0

(x—4)(x-9)=0

- (4,144 In 2 — 88), max
(9, 144 In 3 — 153), min



\ C3 DIFFERENTIATION Answers - Worksheet A page 3
9 a x=2 ~y=¢ b x=3 ~.y=In3 ¢c x=0 .y==2
dl = X = 2 dl = l = l dl = —_— x = -
e’, grad=¢ FOl grad = 3 " 0.8 —2¢", grad=-1.2

&

Ly—In3=1(x-3)

y—et=e(x—2)
[y=1x+In3-1]

[y=e(x-1)]

d x=1 . y=4 e x=1 .y=1-3e
dy _ 5 -2 _ dy 1.3 X =
a—;—4x ,grad=1 a—%x~—3e,grad—§—3e
L y—4=x—1 s y=(1-3¢) = (5 -3e)(x—1)
[y=x+3] [y=(3 =3en+3]
10 a x=e .y=1 b x=0 .y=7
R R | G _ 30 orad=
» , grad . W 3¢’, grad =3
. grad of normal = —e - grad of normal = —5
Ly—l=—e(x—c¢) Ly=T-3x
[y=e2+1—ex]
d x=1 -.y=-2 e x=1 .y=1
dlzg_z’gradZI dl=2x+§,grad=10
dx X dx X
- _1

. grad of normal = —1
Ly=1=—t@x-1)

Lyt2=—(x-1)
[y=1011-x)]

[y=-x—1]
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. grad of normal = —-%

SLoy=—12x-2

f x=9 ~.y=In9-3

1

dy _ 1 _ 1. -
a—;—gxz,grad——ﬁ

wy=(n9-3)=-L(x-9)

. grad of normal = -3
S y—(10+In3)=-3(x-3)
[y=19+1In3 —-3x]

f x=0 -.y=-1



<C3> DIFFERENTIATION

Answers - Worksheet B

1 a x=0 ..y=+ a x=1 ..y="5¢
d x d x 3
ay=%+%e,grad=% ay=56—;,grad=56—3
. grad of normal = -2 SLy=5e=0e-3)(x-1)
Ly=-2xt s y=05e-3)x+3
20x+10y-1=0 b atQ, x=0 ..y=3
b y=0 .. x=5% Ris (1, 0)
(35-0) area= 1 x (3 +5¢e)x 1
= 5(5e+3)
3 a %=3—ie" a atP, x=4 - y=6Ind4—8
SP: 3-1le'=0 =022, grad=1
x=1In6 L y—=(6In4-8)=1(x—-4)
5o (In6,3In6-3) [y=2x-10+12In2]
2
b ‘;sz—%ex b atQ, y=0 .. x=20-241n2
2
x=ln6 L2 =3 atR, x=0 - y=12In2-10
dx
. max area= 1 x (20 —241In2) x (10 - 121n 2)
=(10-121n2)*
5 a Y-2_ 1 ond=1 6 a VoA
dx X
Ly=x-—1
b grad of normal = -1
Ly=—(x-1) [yv=1-x]
atB, x=0 . y=-1 0,k+1)
atC, x=0 = y=1 P y=k
mid-point of (0, —1) and (0, 1) >
=(0, 1) =(0,0) o x
*. mid-point of BC is the origin
¢ sp: 2-1=o b x=2 ny=&+k
X
x=1 %=e", grad = ¢’
ny=1-2-Ini Ly—(@@+h=e(x-2)
=—]-In2" [y=ex—e*+k]
=In2-1 ¢ (-1,0) .. 0=—e—¢"+k

k=2¢?
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‘03 DIFFERENTIATION Answers - Worksheet B page 2
7 Y- 2 8 a Q=e", grad at P=¢"
dx X dx
at P, 6x— 2 =1 tangent: y—e'=e(x—p)
X
6x* +x—2=0 0,0) .. 0-e&=¢(0-p)
(Bx+2)2x-1)=0 fp-1)=0
x>0 nx=1 #0 .p=1
x=1 . y=3,grad=4 b P(l,e), gradatP=¢
L y—=3=4x-1) - grad of normal = — 1
c
[y=dx—1] Ly—e=-l@x-1)
€
atQ, y=0 ~x=¢"+1
area=1 x (e + ) xe=Le(l+¢)
— — ’ _ 3 16
9 atP, x=0 . y=3 10 f'(x)=36x — —
X
Y — ¢ grad=-1 SP: 36— 18 =0
dx X
.. grad of normal = 1 xt=4
SLy=x+3 x*=-2 [no solutions] or 2
atQ, y=0 .x=In4 x>0 nox= /3
grad at 0 =—4 .. decreasing for 0 <x < \/%
s y=—4(x—In4) [y=8In2—4x] k=2 or 16

atR x+3=—-4(x—-1In4)
5x=4In4-3=8In2-3
x=1(8In2-3)

. =8
. a 5

b=
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<C3> DIFFERENTIATION Answers - Worksheet C

1 a =5x+3) b =32x—-1%x2 ¢ =78-x)°x(=1) d =123x+4)°x3
=6(2x — 1) =-7(8 = x)° =36(3x + 4)°
e =46-5x’x(-5) f =—(x-2)" g =-122x+3)*x2 h =-2(7-3x)"x(-3)
=-20(6 — 5x)° =-242x+3)* h =6(7-3x)"
2 a =6 b =l@-1)" x4 ¢ =2 d =28-3)° x(-3)
2 ¢ 2
=2(4t-1)" —_28-3n*
_ 3 _ 1 5tt4 :i &y _ 2 1
e =~ x6 f =1le"*x5 g = [6Q2=57] h = v (-1)
_ 18 _ 5 . 5t+4 _ a3 _ 2
o Se 202t -5)7 x2 —
=—42t-5)"
3 a [ =40x-1)x3 b o= x2 ¢ L =36-207x(2)
=12(3x - 1)’ =8(1+2x)" = (5-2%)"
d’ d? ~ 42 3
;J;=36(3x—1)2><3 §f=—8(1+2x)2><2 S =1(5-2x)"%x(-2)
— 108(3x — 1)’ - 16 = —(5-2x)"
Gx=1) (1+2x)? ( %)
4 a fl)=2u-2 b f/(x)=2—¢" >
X
f’'3)=6-2=4 f/2)=2-1=1
¢ f/(x)=4Q2-5x)°x(-5)=-202-5x) d f'(x)=—4(x+35)"
f/(1)y=-20x(-1)=3 fi(-1)=-4x L =-1
5 a f/(x)=203x+157 x3=2 b f’(x)=2x—%=5
o
6
=2 2x(x—2)-1=5(x-2
J3x+15 x(x ) (x )
V3x+15 = 2x°—9x+9=0
3x+15=9 (2x-3)(x-3)=0
xX=- for real f(x), x>2 . x=3
6 a =307-4’x2x b =12G+1 x6r ¢ = —— x4« d =3 [4-¥7
3+2x dx
= 6x(x* — 4)° =72x(3x* + 1)’ - _& . =3(4 —x%)* x (-2x)
3+2x
= —6x(4 — x°)’
e = %[(%xmﬁ f :i[@—xzﬁ] g = 7e" x2x h = 4(1-5x+2")X(=5+3x%)
=8(Lxt+3)x2¢ = 13- Tx(-2%) = ldxe” —4(3%% = 5)(1 = 5x +x°)°
=16x"(Lx* +3)’ =x(3-x)"
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DIFFERENTIATION Answers - Worksheet C  page 2 |

=ﬁx(—%ﬁ) i =7 +2) xde™ k =—(5+4/x )X 2xF1 =52 —x) x(=2x7 1)
—Jx X
3 dx, 4x 6 -2 2 2 4
= > _ =28 +2 e — =5(= +1)(= -
2)(—8\/; N (e ) \/;(54_4\/;)2 (xz )(x x)
Y 50x-3)*x2 b ¥ =302 4P x 2 ¢ $og o
dx dx dx
SP:  10(2x-3)*=0 SP:  6x(x*—4)*=0 SP: 8-2¢"=0
x=3 x=0 or x’ =4 e =4
~ (3,0) x=0,%£2 x=1In4=1In2
- (=2,0), (0,—64), (2, 0) s (In2,81n2—4)
b _ 2y 2 _ Y g (e 3)2
. S(1+2x%) 2 X4x e x_x2X(1 2x) f . 4—-(x-3)
2x _ 2(1-2x) _ 1 _
P: = P: = P: 4 — =
S N 0 S =0 S T 0
x=0 x=1 (x-3y =1, x-3=%1
0, 1) (1,-41n2) x=3,1
(3,8),(3,16)
x=2 - y= b x=0 .y=2
Y 43— 7P x3=1203x - 7)° o1 yg=_1
dx dx 1+4x 1+4x
grad =—12 grad =4
Ly—1=-12(x-2) ooy =dx+2
[y=25-12x]
x=1 ..y=3 d x=1 ~.y=1
d - _ d _1
T =9 ) X 2 =18 + 2) = 36x=D)7 x5=3(5x-1)"
grad = -2 grad=15
Ly=3==22(x-1) Ly=3=5(x-1)
[y=5-2x] [y=5x—7%]
x=-2 ~.y=-9 b x=4 ~y=+
% = ¢ x (—2x) = —2xe* % = 3(1 = 2x%)° x (~4x) = —12x(1 — 2%’
grad=4 .. grad of normal = —% grad= -2 .. grad of normal = 2
LyT9=—1(x+2) Ly—3=32(-19)
[y=—-ix-1] [16x—24y—5=0]
x= y=1 d x=3 . y=6¢
dy _ 5 2, 1y _ 1 dy _ 5%
dx (2= Inx)=x( x) x(2 -Inx)? dx 2e
grad =+ .. grad of normal = —4 grad=2e .. gradof normal=—2i
(§]
Ly— =41 Ly-6e=—1(x-3)
2¢
[y=2-4x] [x+2ey—126"-3=0]
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<C3> DIFFERENTIATION

Answers - Worksheet D

1 x=% .'.y=%
Yoo+ L ox4=2c+ 2
dx 4x—1 4x -1
grad=1+4=5
Ly— g =5(-3)
[y=>5x—3]
3 a2 Yoo4 X(=2)=2—
dx 4-2x 2—x
2
=m0t D= )
b sp: 2--1 =0
2—-x
2-x=1
x=3 (3,9
2
¢ x=3, d—f =—4 .. maximum
5 a t=0,N=20 ..a=20

t
=8, N=60 .. 60=20e"
k= 1In3=0.137 (3sf)

b N_20 0.1373¢

t=12, N=104 (3sf)

c ? =20 % 0.1373e"137 = 2.747¢" 137

dv

=12, e 14.3

*. N increasing at 14.3 per second (3sf)

grad = -2
SLy=2=-2(x-In2)
2x+y=2+2In2
2x+y=2+In2’
2x+y=2+1In4

-6

Y- 3+ Px2= 0
dx (2x +l)

x=1,grad= -2, .. grad of normal = 3

Gx-D2x+1)=6

6 +x—7=0
(6x+7)(x—-1)=0
x=1 (atP) or -1

L 0(-1

=3(5 — 2x%)* x (—4x)
=—12x(5 - 2x°)’
SP:  —12x(5-2x%)*=0

2
x=0orx=2

2
x=0,i%\/ﬁ

. (=1410,0), (0, 125), (1410, 0)

Y-y =30
8y — 1 =—36x + 54
36x+ 8y —55=0
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‘ C3 DIFFERENTIATION Answers - Worksheet D  page 2
7 LRy 8§ a f'()=2>-2
dx x
SP: 4-¢"=0 b grad of curve =4
x=1ln4=In2 3 _0=4
X
s (In2,4In2-2) x=1
2
jx% _ e ¢ SP: 3 -2-0
X
2
x=In2: £ =8 . maximium x=2 (3,35 -3
d x>
9 Yo L +3) P x 2= 10 a 80°C
dx X2 +3
at4, grad=—1 b 20°C,ast— oo, T— 20
y-2=-1@x+1) ¢ 30=20+60c*
— 25k __ — —
[y %—%x] e _306020_%
at B, grad= 1 k= 31In £+ =0.0717 (3sf)
.. grad of normal = -2 d T=20+60e "
L y=2==2(x-1) % = 60 x (~0.07167)e 7'
[y=4-2x] = —4.300e 071"
3o ly=4-2 =40, 9L = _0.245
dt
x= % - temp. decreasing at 0.245°C min~' (3sf)
11 fr)=2x—-7+2 =0 12 a %=2x+8(x—1)_2
X
2~ Tx +4=0 SP: 2+ =
(x-1)
L= 71\/4:9—32 _ 7i;/ﬁ (=1 +8=0
x=0.72,2.78 2x(x* = 2x+1)+8=0
x=2 .. y=-10, grad=-1 26 — 4 +2x+8=0
Ly +10=—(x—-2) X¥-2"+x+4=0
[y=—x-28] b letf(x)=x—2x"+x+4
f(1)=4, f2)=6, f(-1)=0
. (x+1)is a factor
Lo DEE=3x+4)=0
x=-1or x¥’=3x+4=0
b —dac=9-16=-7
b* —4ac <0 .. no real roots
-. exactly one SP
(_19 5)
2
¢ S =2-160r-1)"
2
when x=-1, ZTJZ} =4
dzy >O . 11
@ S mMinimum

© Solomon Press




<C3> DIFFERENTIATION Answers - Worksheet E

1 a f(x)=x[x’+3x°(2) + 3x(2)* + 2°] b f'(x)=1x(x+2) +xx3(x+2)
=x"+6x° + 12x* + 8x = (x +2)°[(x +2) + 3x]
f/(x)=4x"+18x* +24x + 8 =2(2x + 1)(x +2)?
2  a =lxe+xxe b =1x@x+1)Y+xx5x+1)°
=e'(1 +x) =+ D)[(x+ 1)+ 5x]
=(6x+ Dx+1)*
¢ =1xInx+xx L d =2xx(x— 1P+ x3x— 1)
X
=Inx+1 =x(x— 1)’[2(x = 1) + 3x]
=x(5x = 2)(x - 1)
e =3¢ xmn2x+x*x L f =2xxe™+x*x(—e™)
X
=x’3In2x+1) =xe™(2 - x)

g =8 x(5+x)+2x*x3(5+x) h =2xx(x—-3)"+x" x4(x-3)
=2x°(5 + x)7[4(5 + x) + 3x] =2x(x — 3)°[(x — 3) + 2x]
=2x°(20 + 7x)(5 + x)* = 6x(x — 1)(x - 3)°

3 a =1x2x-1) +xx3Qx-1)"x2 b =12¢xe™ P +3x*xe™ P x2
=(2x - 1)[(2x - 1) + 6x] =6x’e™ (2 +x)

=@8x-1)2x-1)

¢ =1xx—1+xxi(x-1)" d =2xxln(x+6)+x2xﬁ
X
1 2
=2 (x=D7[2(x - 1) +x] =2xIn(x +6)+ =~
x+6
_ 3x-2
247x -1
e =1x(1-5x)"+xx4(1 - 5x)° x (=5) f =1x(x-3’+@x+2)x3(x-3)
= (1= 5x)’[(1 - 5x) — 20x] =(x-3)[(x-3)+3(x+2)]
=(1-25x)(1 - 5x)° = (4x +3)(x - 3)°
g =4x xe¥+ x' x3e” h :1><1n(x2—1)+(x+1)><2;1><2x
2o
= Lyseh + = 2 _ +M
sx e (4 +9x) In(x"—-1) =D

=In (- 1)+ 2=
x-1

i =2rx Sxrl +x L GBx+) 7 x3

= Lx(Bx+1) 7 [4G3x + 1) + 3x]
_ x(15x+4)

RN

© Solomon Press



=

DIFFERENTIATION

Answers - Worksheet E  page 2

£/(x) =4 x & + 4x x 3e™
= 4¢™(1 + 3x)
f/(0)=4x1x1=4

£/(x)= 5 x In 3x + (5x — 4) x +
X

~5In3x+5-4

X

f(L)y=0+5-12=—

b e+ xx2e¥
dx

SP:  ¢™(1+2x)=0

e x (v = 3) + 2 x 4(2x - 3)* x 2

& \

= 2x(2x — 3)°[(2x — 3) + 4x]
SP:  6x(2x— )(2x—3)*=0
x=0,1,3
~ (0,0),(3,4,(5,0)
Y orxe™ 447 x (—4e™)
dx

SP: 2xe™™(1-2x)=0

x=1

|

>-<‘.
—_
<

Il
—_

& = Ix(x=2) +xx4(x—2)

dx
=(x—2)[(x - 2) + 4x]
=(5x-2)(x - 2)°

grad = -3
y—1==-3(x-1)
[y=4-3x]

x=1 y=0

Y gxin2n+@x—1)x L

dx X
—4ln2x+4-1

X

grad =2

“y=0=2(x-7
[y=2x-1]

£/(x) =2 x (x> +2)° + 2x x 3(x* + 2)* x 2x
=207 + 2)[(x* + 2) + 6x7]
=2(7x* + 2)(x* + 2)*
f'(-1)=2x9x9=162

£/00) = 1x72 x(1 = 20 + x753(1 = 20)%(~2)
X7 (1= 2x)[(1 = 2x) — 12x]

Ly (1 = 14x)(1 - 2x)
f(3)= 3 X2x(=3)xy=—3

% = 1x(x—4) +xx3(x—4)
= (x — 4)’[(x — 4) + 3x]
SP: 4(x—1)(x-4)"=0
x=1,4
. (1,-27), (4, 0)

jﬁ = 1xJx+12 +xx L (x+12)7

=L (x+12) 7 [2(x + 12) +x]
3(x+8) _
2Mx+12

x=-8
. (-8,-16)

SP:

% =-3x(3-x)’+(1-3x)x33 -x)’x(-1)
=33 -x)[(3 —x)+ (1 —3x)]
SP:  —12(1-x)3-x’=0
x=1,3
. (1,-16), (3, 0)

=1 .y=3e

=6xxe +3x° xe

&\@ﬁ

=3xe"(2 + x)
grad = 9¢
wy—3e=9%((x-1)

[y=3e(3x—-2)]

x==-2 :.y=8
% 2 X x+6 XX L (x+6)7
_ -1 _ x(5x+24)
=1x(x+6) [4(x+6)+x]—7x2 XT%
grad =-7
—8=-7(x+2)
[y=-Tx—-6]
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| Cc3 DIFFERENTIATION Answers - Worksheet E page 3
7 a x=1 ..y=1 b x=2 -.y=0

dy _ SO - N2 dy _ _5)y+ 1
. 2xX(2-x)y +x x32-x)x(-1) . 1 xIn(Bx-5) x><73 — X3

= x(2 = x)’[2(2 = x) - 3x] —In(3x—5)+ 33"5

—

=x(4 - 5x)(2 - x)* grad =6
grad = —1 - grad of normal = —
. grad of normal = 1 Ly=0=—-1(x-2)
Ly—1=1x-1) x+6y—-2=0

x—y=0

¢c x=0 .y=-1 d x=8 ..y=16

%=2x><e3"+(x2—1)><3e3" %=1xx/x—4 +x><%(x—4)_%

=™ 2x +3(x* = 1] =L (x—4) 7 [2(x—4) + x]

=e¥(3x*+ 2x - 3) — 3x-8

2\Vx -4

grad = -3 grad =4
- grad of normal = -, grad of normal = —%
Lytl=1(x-0) Ly—16=—L(x-8)

x—=3y-3=0 x+4y-72=0

8 a 1 ~.y=e

x=
2 2
% =1xe* +xxe’ X2

= e (1+2:4)
grad = 3e
~y—e=3e(x-1)
[y=eBx-2)]
b x=0 = y=-2e¢
y=0 = x=2

. =1 2 =2
. area 2><Ze><3 se
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<C3> DIFFERENTIATION

Answers - Worksheet F

1 a f)=x(x+2)"

b f

/() =1xx+2)" +xx[~(x+2)7]

=(x +2)7[(x +2) —x]
_ 2
2P

4x(1-3x) - 4xx(-3)

2 a = &
(1-3x)
-4
(1-3x)
¢ = XQx+3)—(x+Dx2
(2x+3)
I
(2x+3)°
e = 1% (2 — x%) — x X (-2x)
(2_x2)2
_ 2+x°
(2_x2)2
g = 2e* x(1-e™) —e™x(=2¢™)
(1_e2x)2
(l_eZX)Z
3 g = 2XoEd-xixi
(x+4)?
_ x* +8x
(x+4)?
c = 2ex><(1—3ex)_(2ex+I)X(_3ex)
(1-3¢")?
s
(1-3¢%)?
e = X (r+2)~InGx-1)x1
(x+2)2
3 _ In@Bx-1)

= (3x—1)(x+2) ()C+2)2

fy

d

&l

IX(x+2)—xx1
(2
_ 2

(x+2)?

()=

(x—4)
e’ (x—3)
(x—4)?

%XZx—lnxXZ
(2x)
1-Inx

2x?

1
172 % (3x+2) =[x x3
(3x+2)
(Bx+2)-6x _
2Wx(3x+2)°

2-3x
2Wx(3x+2)°

2Xm—(2x+l)x%(x_3)‘%
x-=3
Ax-3)-(x+1D) _ 2x-13
2x-3) 2x—3)

L= xow - Vr—dxax
2x*)?
x—4(x—-4) _
4x3\x -4 B

16 —3x
4x3\x-4

—1x(x* +2) = (1-x)x3x
(x*+2)°

_2w-3 -2

(x*+2)°

:

x+1
x+3
%(x+1)’%x\/m_\/ﬁxé(x+3)fé
x+3
_ (+3)-(x+D _ 1
2+ (x+3)  (x+DE(x+3)

=

3
2

© Solomon Press




‘ C3 DIFFERENTIATION Answers - Worksheet F page 2
4 2 W 2xx(3—x)— x> x(-1) b & 4e*x (2x—1)—e*x2
dx 3-x)* dx 2x-1)°
_ 6x —x* _ 2¢*(4x-3)
(3-x)* 2x—1)?
SP: x(6-x) _ SP: 2¢%(4x-3) _
T B-x)? ' (2x—1)
x=0,6 x=3
= (0,0, (6,-12) s(3,28))
e W IxVZr 1 = (2 5)x L 2x +1) T x2 g & Dx2x-indnc
dx 2x+1 dx (2x)?
_ 2x+D-(x+5) _ x-4 _ 1-In3x
(Qx+1)? Qx+1): 25
SP: x—4 —0 SP: 1-1In3x —0
Qx+1): 242
x=4 x=1e
o (4,3) (Le, 3e™
e 1= (x+1)2 PR 2xx(x+2)—(x* =3)x1
(x=2) dx (x+2)?
dy _ 2+ Dx(x=2)° = (x+1)* x2(x-2) _ X +4x+3
dx (x—2)* (x+2)
_ 2+ D[(x=2)—(x+1)] _ —6(x+1) gp:  HDG+3) _
(x-2)° (x—2)° ' (x+2)°
sp; Sarb x=-3,-1
S (-2 ’
x=-1 (_39 _6), (_19 _2)
o (-1,0)
5 a x=2 ..y=4

dy _ 2x(3-x)-2xx(-1)
dx (3-x)?
_ 6

INEEEE

grad =6
L y—4=6(x-2)
[y=6x—28]
c x=4 -.y=2

dy _ 35 x(5-0)-Vrx()

dx (5-x)°
_ (—x0+2x _ S+x
Wx(5-x)? 2Jx(5-x)
grad= 2
y=2=50x-4
[y=3x-7]

b x=0 .y=2
d

dy _ e'x(Ee'+D)—(e"+3)xe”
dx (e +1)?
_ 2¢
(" +1)?
grad = —=
Ly=2=-1(x-0)
[y=2-4x]
d x=-1 .'.y=%
dy _ 3x(x’+D)-Bx+4)x2x
dx (X2 +1)?
_ 3-8x-3x
(X2 +1)?
grad =2
Ly—1=2(x+1)
[y=2x+3]
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DIFFERENTIATION Answers - Worksheet F  page 3

x=1 .y=0 b x=-2 r.y=-4
dy _ —IXEx+D-(1-x)x3 dy _ ax2—x —4xxL (2- ) 2 x (1)
dx (Bx+1)? dx 2—x
—_ _ 42-x)+2x _ 8-2x
Gx+1)’ @-»'  @-»
grad = — grad= 2
. grad of normal =4 .. grad of normal = —%
Ly=0=4(x-1) Lytd=-—2(x+2)
4x—y-4=0 2x+3y+16=0
x=3 ..y=0 d x=2 ~y=1
dy _ 325X Bx=5)-In(2x-5)x3 dy _ Ix( —4)—xx3¢°
dx (3x-5) dx (X —4)?
_ 2 _ 3In(2x-95) _ —4-2
(2x=5Bx-5  (Bx-5) (* —4)?
grad = ; grad = —=
-~ grad of normal = -2 -, grad of normal = £
S y=0==-2(x-3) Ly—+=43(x-2)
2x+y—6=0 8x—10y—-11=0

dy _ ¥ x(x=2)-(2Jx—3)x1
dx (x—2)
_ =2 Vx2Vx-3)
Jx(x-2)
_ ~=3Va+2)
Jx(x-2)

at 4 and B, % =0 ~x—3Jx +2=0

(Vx = D(Vx -2)=0
Jx =1,2

x=1,4
AL, B4, &

© Solomon Press



<C3> DIFFERENTIATION

Answers - Worksheet G

o

dy
dx

20x(2 —x)* + X332 —x)x(-1) 2

=x(2 — x)*(4 - 5x)
grad = -1

Ly—l=—x-1)

[y=2-x]

b grad of normal =1
sLy—=1=x-1
y=x
whenx =0,y=0 .. passes through origin

3 a P(_3a O): Q(I’O) 4
b %=1X(x—1)3+(x+3)><3(x—1)2
= (= 1)’[(x= 1) +3(x+3)]
=4(x +2)(x — 1)?
SP: 4(x+2)(x—1)*=0
x=1(atQ) or -2
s R(=2,-27)
5 a atd, y=0 .. x=1 6
dy _ 2x(x*+3)-2(x—1)x2x
dx (x* +3)?
_ 6+4x-2x’
(x* +3)?
- grad= 1 .. grad of normal = -2
L y=0==2(x-1)
y=2-2x
b SP: 6+4x—2x" _
' (x> +3)?
2(1+x)3-x)=0
x=-1,3
o (=1,=1), (3, 1)
7 a /() =1xy2x+12+xx L2x+12) 7% 2

£7(x)

= (2x+12) 7 [(2x + 12) +x]
_ 3x+12

C x+12

_1
_ 3x32x+12-(Bx+12)x L (2x +12) 2 x2

2x+12
_ 3(2x+12)-(Bx+12) _
(x+12)}
3(x+8)
(Qx+12)}

3x+24
(2x+12)

3
2

a

dy _ IXQ@x+3)-xx2 _ 3
dx (2x+3)> (2x +3)
grad=3

Ly+1=3x+1) [y=3x+2]

at (0, 0), grad = 1

. grad of normal = -3
oy =-3x
3x+2=-3x

x=-3 (-3, 1

% = 1 xAx+1 +xxL(4x+1) x4

_1 6x+1

=(4x+)D) [(dx+ 1)+ 2x] =

(4 +1)7 [(dx+ 1)+ 2] = 2
6x+1

— 5xv4x+1 =0

Vax+1 W
6x+1=>5x(4x + 1)
206 —x—1=0
Gx+1)@x-1)=0
x=_1 1

50 %

reoN L 3 3 2
f/(x)=3x> x(x=3)"+ x> x3(x-3)

= %x% (x = 3)’[(x = 3) + 2]

3% (3x = 3)(x - 3

=2x (x - 1)(x - 3)’ [k=2]
. 7 2_
SP: Ix*(x—-1)(x-3)"=0
x>0 . x=1,3
= (1,-8),(3,0)
3x+12
SP: =0
V2x+12
x=-4
s (—4,-8)
f7(-4)=2
f”’(=4)>0 .. minimum
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<C3> DIFFERENTIATION

Answers - Worksheet H

1 a

C
(¢

g

e

=~

(]

o

=—sin x

= -3 sin 3x
=cos (x+ 1)
=—4cos (5 —x)

=2sIn x cos x

=2cos (x — 1) X [-sin (x — 1)]
=-2cos(x—1)sin(x—1)

_ i(sinx}
dx \cosx

__ COSXXCOSXx —sinxXx(—sinx)

cos? x
_ cos® x +sin’ x
cos’ x
1

COS2 X

2
=8CC X

% [(sin x)™']

= —(sin x) 2 X cos x

COSX
sin? x

1 cosx

sin x sin x

= —Co0sec x cot x

= -2 cosec’ 2¢
=4 sec’ (41— 3)
=2tan ¢ X sec’ ¢

=2 tan ¢ sec’ ¢

=3 cot® t X (—cosec” £)
= -3 cot’ f cosec” ¢
= -2 cosec” (2t — 3)

=2 sec’ (1 — 4f)

b =5cosx

d = fcos ix

f =-3sin(3x-2)
h =—Zsin(3x+ %)

j =6cos’x X (=sin x)
2 .
=—6cos” xsinx

1 =4sin’ 2x X 2 cos 2x
= 8 sin’ 2x cos 2x

b = % [(cos x)™']

—(cos x) > X (—sin x)

sinx

0052 X

1 sin
% x

COosx COSXx

=secxtanx

_ i(cosx}
dx {sinx

—sin x X sin x — COS X X COS X

sin? x
sin? x + cos® x
sin? x
1

sin? x

= —COSCC2 X

b =sec (¢+2)tan (¢ +2)

d =-3cosec 3¢ cot 3¢

f =-3cosec(t+ ¢)cot(r+ %)

— 1 1
h =2sec Jttan S ¢

j =2sec2tx2sec2ttan 2¢
=4 sec’ 2 tan 2¢

1 =2cosec (3t+1)x—-3cosec (3t+1)cot(3t+1)
=—6cosec” (3t + 1) cot 3¢+ 1)
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‘ C3 DIFFERENTIATION Answers - Worksheet H page 2
4 a = — XCoSX b =6e""" x sec’ x
simmx
=cotx = 6e""" sec” x
¢ = 1(cos Zx)%x (=2 sin 2x) d =¢""*x3cos3x
sin2x sin 3x
=— =3e cos 3
\Jcos2x x
e =-2cosec’ x* X 2x f = 1(sec x)% X sec x tan x
= —4x cosec” x° = 1+/secxtanx
g =3¢ "™ % 2 cosec 2x cot 2x h = 1 xd4sec?dx
tan4x
= 6 cosec 2x cot 2x e ¥ = C9S4x X #
sin4x cos” 4x
=4 sec 4x cosec 4x
dy _ dy _ 2 dy _ .
5 a — =1+2cosx — =2secxtanx—sec’x ¢ — =cosx—2sin2x
dx dx dx
SP: 1+2cosx=0 = sec x(2 tan x — sec x) SP: cosx—2sin2x=0
cosx= —+ SP:  secx(2tanx—secx)=0 cosx—4sinxcosx=0
x=n—-3,n+ 3 2tanx —secx =0 cosx(1 —4sinx)=0
x=2¢ 4 Zsinx _ _1 cosx=0 or sinx= -+
3 3 COoSXx COoSXx 4
I g f3), sinx =1 x=2, 3% or 0.253, m—0.25268
4?“,%"—\/5) x=4, M- % x=0.253(3sf),%,2.89(3sf),37’t
x=%, %" o (0.253, 2), (7,0,
(2,V3),(32,-3) (2.89, 2), (3, -2)
6 ax=0.y= b =% oy=1
d—y=2cos2x Y~ ginx
dx dx
grad =2 grad=—g
L y—1=2(x-0) y-4=-2x-1)
[y=2x+1] [33x+6y-3-3n=0]
¢ x=7 ny=-1 d x=¢ y=
L =3 sec’ 3x % = —cosec x cot x —2 cos x
grad =6 grad=—3\/§
Loy+l=6(x—1) ny=1=-33(x- 1)

[12x=2y—-2-3n=0]

[6V3x+2y-2-31n=0]
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DIFFERENTIATION Answers - Worksheet H page 3

—2sin2xXx—cos2xx1

2
X

_ 2xsin2x+cos2x

2
X

a =1Xsinx+xXcosx b =

=sinx +Xxcosx =

¢ =¢ " Xcosx+e X(—sinx) d =cosx X cosx + sin x X (—sin x)

= ¢"(cos x — sin x) = cos’ x — sin” x = cos 2x

2 2
e =2xXcosecx+x" X (—cosec x cot x) f =secxtanx Xtanx + sec x X sec” x
2 2

=x cosec x(2 — x cot x) =sec x(tan” x + sec” x)

g = Ix tanx — xXsec® x h = 2c0s2xx e —sin2xx 3"
tan” x ()

2cos2x—3sin2x

= cot x — x cosec’ x = =

€

_ 2sec2xtan2xX x> —sec2x X 2x

4
X

_ 2sec2x(xtan2x —1)

3
X

i =2cos x(—sin x)xcot x + cos” xx(—cosec’ x) j

2 2
=-2cos" x—cot x

k =1 xtan’ 4x +x x 2 tan 4x x 4 sec” 4x 1 = cosxxcost—s;l;xX(—Zstx)
COS™ 2x

1-2sin” x) + 4sin’ 1+ 2sin?
— tan 4x(tan 4x + 8x sec? 4x) _ cosx( sin xz) sin” xcosx _ cosx( : sin” x)
cos” 2x cos” 2x

a f’(x)=3cos 3xxcos 5x + sin 3xx(=5sin 5x) b f’(x) =2 sec’ 2x X sin x + tan 2x X cos x

=3 cos 3x cos 5x — 5sin 3x sin 5x =2 sec” 2x sin x + tan 2x cos x
£(3)=3F5)F) - F %) £(3) =2 + (V3 x4
=3+3=4 =43 -13=13

, 1 —x (=2sin x) xsin x — In(2cos x) X cos x
c f (x): 2cosx ( ) ( )

d f'(x)=

sin’ x
=-—secx — %22%”) 2sin x cos x X cos’ x + sin® x X 3cos” x X (—sin x)
s x
f(2)=-2-0=-2 = sin x cos” x(2 cos” x — 3 sin” x)
f(5)=3x502x5 =3xp) =%
x=0 -3 10 a = cosx X (1—sinx)— (2 +sinx)X(—cosx)
Y (1-sinx)?
Y — 1 x cos 2x +x x (=2 sin 2x) = _cosx
dx (I—-sinx)
— cos 2x — 2x sin 2x b SP: X _—g
(1-sinx)
grad =1 cosx=0
. - -3
.. grad of normal = -1 x# 3 Sox=F
S y=3=—x-0) (3_275,%
[y=3-x] ¢ x=¢ ~y=5
grad = 63
y=5=63(x— =

y=6\/§x+5—\/§n
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11

13

d _ . _
Y = e xsinx+e  xcosx 12
dx
=¢ "(cos x — sin x)
d? - .
—J; =—e " X (cos x — sin x)
dx

+ e X (—sin x — cos x)
=-2e™ cos x
SP: e™(cosx—sinx)=0
cosx—sinx=0

tanx =1
=% & _gp=_3n x
XY=y "7y
2 i
x=-3t L= el (>0
2
=2 - e (<0)
(-3 —Le%{) minimum
. 43 \/5 b

Iz Le™), maximum

f’(x) =—sinxxsin2x + cosx X 2cos 2x 14

=2 cos x(1 — 2 sin” x) — 2 sin® x cos x
=2cos x(1 — 3 sin’ x)
SP:  2cosx(l —3sin’x)=0

cosx=0 or sinx==

e

x=2, 3 or 0.615,7-0.61548,

T+ 0.61548, 2w — 0.61548

x=0.615, £,2.53,3.76, &, 5.67
using graph, max. f(x) when sin x = %

2 . 2
cos"x=1-sin"x=1-1=2
f(x) = cos x x 2 sin x cos x = 2 sin x cos” x

. max. f(x) =2 x &= x 2

3 3
— 4 B _
_ﬁxﬁ_%3

period of cos x = 2, period of sin 2x =T

.. period of f(x) =27
*. values of f(x) in this interval are repeated

© Solomon Press

% =] xsecx+xXsecxtanx
=sec x(1 + x tan x)
SP: secx(l+xtanx)=0

no real values of x for which sec x =0
l+xtanx=0

l+xtanx=0

= xtanx=-1

1
tan x = ——
X

*. x-coord of SP where curves

y=tanx and y= ~ 1 intersect
X

/ y=tanx
1
o ff
X

intersect at 2 points ... 2 SP in interval

YA

x=0 y=-2
d

o =—cosec (x — ¢) cot (x — ¢)

grad = 23

1 3
. grad of l= —x= =13
grad of norma NCINE 6\/_
cy+2=L3x-0)
[y=+tv3x-2]
x=§ Ly=2
grad=—2\/§

Ly=2=-23@- %)

[ 6V3x+3y—6-231=0]
LB3x-2=2-23(x- %)
x— 43 =43 —12x+4n

13x= 83 +4n
L= 83+an
13



<C3> DIFFERENTIATION

Answers - Worksheet |

=3"1In3
d grad=9In3
L y=9=09In3)(x-2)
[y=9%%In3+9-18In3]

)
dy _ 5.2 dx _ <1 _ 1
= =3x ¢ —==2(ny)x—- =
o & >(Iny) "
x=(y-2) y=¢'
de _ 41 dy _ X _
3—%()/—2) =10 a—er = 2yy/Iny
dy _ dx 2 1 dy dx _ 1 _
X— =3x"X — =1 Zx= =2y JInyx—— =1
dx dy iy dx dy vy 2y Jiny
& 3 - 1)Px1 ¢ ¥ —gec?y
dy
Lody 1 Lody 2
el vl . cos” y
dx _ 5 . o dx _ Ixe¥—(y-2)xe’ _ 3-y
— =2sinycosy=sin2y f — = =
» ycosy y I3 o) o
y
. d—y=cosec2y L
dx dx 3-y
5 a &=ax+b
_ 1
x=~—(e"=b)
a
b &-le
dy a
d dy dx
— 1 +bh)]===1+—
¢ ln@ep))= =1+
=4 - _4d
e’ ax+b
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1

3

Answers - Worksheet J

x=-1, y=8 2 a

d L L

&= 36-0 () =-36-x)

grad = -3

SLy—=8=-3(x+1)

[y=5-3x]

b
c

a =4(3x-1)’x3 4
=12(3x - 1)’
b = 2xXsin2x — x* x 2 cos 2x
- -2
sin” 2x
_ 2x(sin2x — xcos2x)
sin? 2x
C
d
a ¥ _a_y4 6 a
dx x
sP: £ -4=0
X
x=ja b

. 1 a
S (za,aln = —q
(4 4 )

b x=1 ..y=-4, grad=a—-4

Lytd=@-4dx-1)
[y=(a-4)x-a]
¢ (3,0) . 0=3(a—-4)-a
a=6

© Solomon Press

y

0| 'x
y=0 ..x=1¢
(3¢, 0)
x=5 y=3-In10
dy _ 1 —
a——;,grad——%

©y=(3-In10)= -L(x=5)
[y=—-ix+4-1n10]

atA, y=0 - x=>5@4—In 10)

atB, x=0 .. y=4-1In10

area = < X 5(4 —In 10) x (4 — In 10)
=17.20 (3sh)

a r=3 .. area=2e"’ =8.96cm’ (3sf)

% — 2 X 0'560.51 — eO.SI

t=3, %5 = =4.4817 cm’ yr'

-. rate per day =4.4817 + 365 =0.0123

area increasing at 0.0123 cm’ per day (3sf)
65 = 2"

t=21n32.5=6.96

.~ 7 years

A increases exponentially and would become
larger than the surface area of the boulder

d .
& =2e™ sinx + e cos x
dx

= ¢™(2 sin x + cos x)
d? . .
S =2e™(2sinx +cos x) +e*(2 cos x — sin x)
dx

=e™(3 sinx + 4 cos x)

&y 4 dy
9y _4d s
dx? o Y

=¢™(3 sinx + 4 cos x)
— 4e*(2 sin x + cos x) + 5¢* sin x

=e™(3sinx +4cos x—8sinx—4cos x + 5sin x)
=0
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DIFFERENTIATION

Answers - Worksheet J

page 2

11

dx =2 tan y sec’ y
dy

=2tany (tan’ y + 1)

=2Jx(x+1)
& T
dx dy  2Jx(x+))
y=7 ~x=1
grad = &

. grad of normal = —4

Ly— 3 =4 -1
[16x+4y-m—16=0]

=e'X(x—1)Y+e x2(x—1)x1

=¢'(x*—2x+1+2x-2)

=e'(x* - 1)

=e" x(x’ —1)+¢e" x 2x

=e'(x’+2x—1)

SP: e'(x*-1)=0

x==x1
oo (=1, 4e7), (1, 0)
2
(-1, 4e7h, d—f =—2¢"' .. maximum
dx

(1, 0), ji—); =2e¢ .. minimum
x=2 sy=¢e
grad = 3¢’
L y—et=3e’(x-2)
y=3e’x - 5¢’
y=¢e’(3x-75)

_ 6x—2(x+2) _ 4x -4
(x—=1)(x+2) (x=1)(x+2)
4x-1) _ 4

(x—1)(x+2) x+2

fx)

x=2 ~y=1

f/(x) =—4(x +2)~

grad= —+

Ly=1l=—3(x-2)
4y—-4=—x+2
x+4y=6

© Solomon Press

10

dy _ Ixdx—2—(x+2)x1(x=2)?
& x—2
_ 2(x-2)-(x+2)
2x-2)
_ x—6
2x-2)
sp: _*0 -
2(x-2)?
x=6 . (6,4)

x=3 s.y=5 grad= -3
. grad of normal = £
“y=5=2(x-3)

3y—15=2x-6
2x—=3y+9=0

. minimum

Y= 13 -31n3

=3 _3In3
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Answers - Worksheet K

3 a y=0:x=\/§
- (43,0
b =i +2)7x¢

ey

24e’ +2
¢ dy =12 dx _ 2We' +2
dx dy e’
grad = 243

L y=0=2B3(x-43)

atQ, x=0 ..y=-6
area= 1 X \/3 xX6= 33

1 .

5 a = 1(sinx+cosx) 2 x (cos x — sin x)
_ _cosx—sinx
2+/sinx + cosx

b =%[ln(x—l)—1n(2x+1)]
- L1

x—1 2x+1
1 2

x—1 2x+1

Y o x e +xx (-267)
dx
=e¢ (1 - 2x)
2
37{ = 262 x (1 - 2x) + €2 x (=2)
=4 (x—1)
SP: e *(1-2x)=0

t=0,m=680
t=100, m = 653.63
% red’n = $80=88363 % 100% = 3.88% (3sf)

640 = 600 + 80e 0%

t= 55710 $ =173 (3sf)
%’f = 80 X (—0.004)e % = _0.30¢700%

=150, ¥ =_0.176
dt
. mass decreasing at 0.176 g yr™' (3sf)

d

ay =502x-3)*x2=1002x - 3)*

x=1 .. grad=10
Ly+1=10(x—-1)
[y=10x—-11]

atQ 10Q2x-3)'=10

2x-3==%x1
x=1 (atP) or 2
L 0@

© Solomon Press



Answers - Worksheet K

page 2

= DIFFERENTIATION
dy _ 52 g2 = & 4
7 i 2(x"—5)7" x 2x 3 8 a y
—4x
p: —— =
i (x* =5)?
x=0 (0, 2a)
~ 0= y=a
b x=3,y=1 >
o o x
grad= —

Ly—3=-3(x-3) b y=ac'ta
4y—-2=-3x+9 swap x=ae’ +a
3x+4y—11=0 y=In*=*°

fl:x>m2% xeR, x>a
¢c x=1 s.y=ae+a
f’(x) = ae”, grad =ae
Soy—(aet+ta)=ae(x—1)
[y=aex+a]
9 i(cotx)=i(°f’”j 10 a ¥ =32+mxix’t
dx sinx dx X

dx

_ —sinxXsinx —CoSXXCoS X

sin? x

sin? x + cos® x

sin? x

_ 1 _ 2
=——— =—cosec x
s;m- x

o

Ey =¢" X cot x + ¢* x (—cosec” x)
= ¢"(cot x — cosec” x)
SP:  ¢'(cotx — cosec’ x) =0

e #0 .. cotx=cosec’ x
cosx _ 1
sinx sin’ x

sinxcosx=1

sin 2x =2
|sin 2x| <1 .. no solutions
.. no turning points

=§(2+lnx)2
X
. 3 2 _
b SP: =(Q2+Inx)"=0
X
Inx=-2

-2
X=¢

oo (€7,0)
¢ x=e, y=27

grad = 27
(S

cy=27=(x—¢)
(S
y="x
c

when x=0, y=0
.. passes through origin
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11

_ 1

a = X(2)
_ —2x
9—x?

b SP: 2 =0
9—x
x=0

-~ (0,1n 9)

¢ x=1, y=In8=mn2’=3In2
grad = —%

. grad of normal = 4
S y=3In2=4(x-1)

y=4x-4+3In2

12 a

© Solomon Press

model 4: =3, M =764 (3sf)

model B: =3, M =732 (3sf)

model 4:
M 15003t +2) 7 x 3= B0
dr (Bt+2)

(=3, M _37,
dt

. increasing at 37.2 tonnes yr~' (3sf)
model B:

M 150002+ 51n (¢ + 1) 2 x ——
dt t+1
_ 7500

(t+1D[2+5In( + DT

1=3, M _935
dt

. increasing at 23.5 tonnes yr~' (3sf)



