C3> FUNCTIONS Worksheet A

1 f:x—>3x-5, xelR g:xﬁ%,xeR,x¢6 h:x—>x*+4x—1, xeR
- X
Find the value of
a f(3) b g4) ¢ h(2) d f(1) e h(-1) f g8
g g-4) h (3) i h(3) i =D k h(-3) 1 g(13)
2 fix->mI@2-5x), xeR, x<04 gix—osin(2x+2), xeR h:x—>3+2 % xeR

Find, correct to 3 significant figures where appropriate, the value of

a g(%) b £(0) ¢ h(l) d g(¢) e h(2) f f(—3

g h(-0.8) h f(0.2) i g(0.3) i h(3) k g(-1) 1 f(-3)
3 Sketch each function and state its range.

a f:x—2x+1, xeR, 0<x<7 b f:x—=3x-2, xeR, x>0

¢c f:x—>5-x, xeR, 5<x<5 d f:x—4-7x, xeR

e f:x—oxh xeR, 3<x<3 f f:x>x*+3, xeR

g fix—>x -6, xeR, x>0 h f:x—>x-17% xeR, 2<x<4

i f:xo>@+2)>, xeR j fix—4-x xeR

k f:x>x, xeR, -10<x<10 1 f:x>—x, xeR
4 Sketch each function and state its range.

a fixo>xr+2x-8, xeR b f:x—)l,xe R, x#0

X
¢c fix—> Lz,xe R, x#0 d f:x—>cosx, xeR, 0<x<2n
X

e f:x—=5, xeR f f:x—tanx, xeR, —F<x< %
5 Find the domain of each function given its range.

a f:xox—1, f{x)eR, -1<f(x)<6 b f:x—>4-3x, f(x)eR, f(x)<4

¢ fix—ox, fx)eR, 0<f(x)<125 d f:x—> 1, fx)eR, 2<f(x)<10

X

6 Given that forx e R, f(x)=4x+3, g(x)=x"—7 and h(x) = % , x #-2, solve the equations

x+

a f(x)=9 b gkx)=18 ¢ h(x)=6

d f(x)=h(x) e gx)— ﬁ = -6+ f f(x)+gx)=0
7 Express each function in the form indicated and hence, state its range.

a fixox*+4x+11, xeR inthe form (x+a)’+b

b f:x>x*-2x-6, xe R inthe form (x+a)’+b

¢ fix—4x*+12x+3, xeR intheform (ax+b) +c

d f:x>9*—6x+16, xe R intheform (ax+b) +c

e f:x—>15-4x—x% xeR in the form a— (x + b)*
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C3> FUNCTIONS Worksheet B

1 fix>4x-3,xeR g:x—>2-x,xeR h:x—>x*+5, xe R
Evaluate
a gf(2) b gh(1) ¢ fg(-3) d hf(3)
e g(5) £ 1) g hg(®) h fh(11)
2 fix—>5x+2, xeR g:x—cosx, xe R h:x—>Inx, xe R, x>0

Evaluate, giving your answers to 3 significant figures

a fh(20) b gh(3) ¢ fg(5) d gg(-4)
e gf(13) f hg(6.7) g hh(50) h hf(-0.3)
3 fix—>2x+1,xeR g:x—1-3x, xeR h:x—>x"+4 xeR

Given the functions f, g and h, express the following composite functions in a similar form.

a fg b ff ¢ fh d hf
e gh f gg g hg h gf
4 f:x—>4-x,xeR g:x—e,xeR h:x—>2*+7, xe R

Given the functions f, g and h, express the following composite functions in a similar form.

a gf b hg ¢ th d gg
e gh f ff g fg h hf
5 fix—>5r-3,xeR  g:x—-3x*+1, xeR h:x— lz,xe R, x#2
x_
Solve
a ff(x)=-8 b hf(x)=2 c gf(x)=28 d hgx)=1
e fh(x)=7 f fgx)=32 g gh(x)=4 h hh(x)=-2
6 fix—>Inx, xeR, x>0 g:x—>3+2x, xeR h:x—e¢e, xeR

Solve, giving your answers to 2 decimal places,
a gh(x)=9 b fg(x)=3.6 ¢ hgx)=4 d gf(x)=104

7 The functions f and g are defined by
f:x—)%l,xeﬂ'\? g:x—e, xe R

a State the range of g.
b Solve fg(x)=17.

8 The functions f and g are defined by
f(x)=4x-9, xe R gr)=x’, xe R
a Evaluate ff(37).
b Solve gf(x)=25.

¢ Sketch the graph of y = fg(x), showing the coordinates of any points of intersection with
the coordinate axes.
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C3 FUNCTIONS Worksheet B continued

10

11

12

13

14

15

1

f:x—>tanx, xe R g:x—>4+Inx, xe R" h:x—>e* ' xeR

Evaluate

a gf(}) b hg(e™) ¢ gh(-1) d ff(1)

e hf(0.2) f fg(7) g hh(3) h fg(c®)

f:x—>3"+2, xe R g:x—>4x+1, xeR h:x— ﬁ,xeR,xi—l
X

Express the following composite functions in a similar form, stating the domain in each case.

a fg b gf ¢ hf d gg
e hg f gh g hh h ggg
fix—>x+4, xeR, x>—4 g:ix—e ™™ xeR h:x—)xTH,xelR
Solve
a fth(x)=3 b fg(x)=7 ¢ gh(x)=11 d hh(x)= 2
e hg(x)=1.2 f hf(x)= 4 g ff(x)=3 h ghh(x)= 1
fx)=x’, xe R gx)=x+2, xe R

Find the composition of the functions f and g that corresponds to the function h, where
a hx)=(x+2)’, xeR b h(x)=x+2, xe R ¢ h(x)=x+4, xeR
d h(x)=x’, xe R e hx)=x"+2, xeR f h(x)=(x+2)’+2, xeR

fix)y=x—-4, xe R g(x)=3x", xe R h(x)zl,xelR,thO

X
Find the composition of the functions f, g and h that corresponds to the function j, where
a j(0)=3-4, xeR b j(x)s%,xeR,x¢4
e
c j(x)E%,xeR,x;tO d jx)=27x" xe R
X
. 1 . 1 2

= — — = —— + =

e j(x) e 4, xeR, x#0 f jix) 3x2_4,xeR,x¢_ 3

The functions f and g are defined by
f:x—5-7 xeR g:x—>2x+3, xeR
a Find and simplify an expression for gf, stating its domain.

b Solve the equation gf(x) = 10.

The functions f and g are defined by
f:x—>2(x+1), xe R gix—-x -9 xeR
a Express gf in terms of x and state its domain and range.

b Sketch the graph of y = gf(x), showing the coordinates of any points of intersection with
the coordinate axes.

The equation gf(x) — 2f(x) = a, where a is a constant, has no real roots.

¢ Show that a <-10.
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cs> FUNCTIONS Worksheet C

1 The domain of each of the following functions is x € R . For each function, find its inverse f ' (x).
a f:ix—>10x+3 b fix—>9+2 ¢c f:x—>5-6x
d f:x— 3 e f:x—o 1(@2x-53) f f:ix—>8-3x
4
2 For each function, find f™'(x) and state its domain.
a fx)=lnx, xeR, x>0 b f(x)sl,xe[R,x;tO
X
¢ fx)=4x, xeR, x>0 d fx)=3r-4, xe R, 0<x<3
e flx)= ls,xeR,x;tS f f)=2+1, xeR, x£0
X — X
3 For each of the following functions,
i find, in the form f™': x — ..., the inverse function of f and state its domain,

ii sketch y=1f(x) and y=f""(x) on the same set of axes.
1

a f:x—>2x+1, xeR b f:x—)%x,xelR c f:x%g,xe R, x#0
X

d f:x>x% xeR, x>0 e f:x—e, xeR f f:x>x, xeR

4 For each of the following, solve the equation f™'(x) = g(x).

a f:x—=5%+1, xelR g:x—>2, xeR

b f:x—>2x—3_4,erR g:x—>7-x, xeR

¢c fix—e"+2, xeR g:x—>InGBx-8), xeR, x>4
d f:x—=>Vx+2, xeR, x>2-2 g:x—>3x—-4, xeR

e f X = — ,xeR, x#-3 g:x—>5(x+1), xe R

5 The function fis defined by f:x —4—-2x, xe R.
a Sketch y=1f(x) and y=f"'(x) on the same set of axes.
b Find the coordinates of the point where the lines y =f(x) and y=f"'(x) intersect.

6 The functions f and g are defined by
f:x—>3-2x, xeR g:x%L,xeR,x¢—2
2x+4

a Find g ~'(x) and state its domain and range.

b Express gf in terms of x and state its domain.
¢ Solve the equation gf(x)=f""(x).
7 The functions f and g are defined by
f:x—>5x+2, xeR g:x%i,xeR,x;ﬁO
a Find the following functions, stating the domain in each case.
i i fg i (fg)™'

b Solve the equation f™'(x) = fg(x), giving your answers correct to 2 decimal places.
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C3 FUNCTIONS

10

11

12

13

For each of the following functions, find the inverse function in the form f™':x — ...
its domain.

a f:x—)%ln(4x—9),xe|R,x>2% b f:x—)ﬁ,xeR,x;ﬁ—S
x+5

¢ f:xoe" % xeR d f:x>Yx’-3, xeR

e fix—logo(2-7x), xeR, x<2 f f:x—)ﬂ,xeR,xi—%
3x+2

For each of the following functions,
i find, in the form f™": x — ..., the inverse function of f and state its domain,
ii sketch y=1f(x) and y=f"'(x) on the same set of axes.

a f:xoe”, xeR b f:x—>x*+4, xeR, x>0

¢ fixo>Inkx-3), xeR, x>3 d f:xo>x*+6x+9, xeR, x>-3

For each of the following functions,
i find the range of f,

ii find f'(x), stating its domain.

a f(x)=x"+6x+3, xeR, x<-3 b fx)=x"—4x+5, xe R, x>2
¢ fx)=x"+5x-2, xeR, x<-24 d fx)=x"-3x+5, xeR, 2<x<4
e f()=Q2-x)4+x), xeR, x>-1 f f(x)=20x-5x", xe R, x>2

For each of the following, solve the equation f~'(x) = g(x).

a fix—>1(@2x-5), xeR g:xﬁz%"x,xe[l-\?,x;tZ
b f:x—>ln%+3,erR,x>—3 g:x—10-6e", xeR
c f:xo>x-4, xeR, x>0 g:x—>x+6,erR

The function f'is defined by
x+b
x+a

f:x— ,xe R, x#2.

a State the value of the constant a.
Given that f(6) =4,
b find the value of the constant b,

¢ find f™'(x) and state its domain.

The functions f and g are defined by
fixo>x*-3x, xeR, x> 14,
g:x—>2x+3, xe R.
a Find, in the form f™": x — ..., the inverse function of f and state its domain.
b On the same set of axes, sketch y=f(x) and y=f"'(x).
Given that f~'g'(12) = a(1 + /3),

¢ show that a= 1%.
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C3> FUNCTIONS Worksheet D

1 f:x— lx-4], xeR g:x+|x|—4,xeR
Find the value of

a f(6) b f(3) ¢ f(=2) d g(2) e g(-8) fg-1)
2 fix—ox*+2x-3, xeR g:x—>|2x+1|,xeR

Find the value of

a gf(0) b fg(0) c fg(4) d gg(-3) e gf(-3) f fg(-1)
3 Sketch each of the following graphs, showing the coordinates of any points of intersection with

the axes. Where it occurs, a is a positive constant.

a y=|x+4| b y=|2x—5| c y=|2—3x|

d y=|x2—9| e y=|x3| f y=|sinx|, 0<x<2m

g y=|x—a| h y=|3x+a| i y=|a—2x|

i v=l16-+1 k y=|(+3)2x= 1) 1 y=|i|,x¢0

my=|Inx|, x>0 n y=|10-3x—x*| 0 y=|3x"+5ax - 24|

4 For each of the following,
i sketch y=1f(x) and y =g(x) on the same diagram,
ii solve the equation f(x) = g(x).

The domain of all the functions is x € R and a is a positive constant where it occurs.

a fx)=l2x-3[, gx)=2 b f)=|7-3x|, ex)=7

¢ f(x)=l4x+3al, gx)=5a d fx)=lx-4], gx)=9

e fx)=|x"—4x—12], g(x)=20 f f(x)=]2a-5x], gx)=x
5 Solve each equation.

a |x—5[=3 b lx+1l=15 ¢ [2x-71=4

d [x-2|=|x+4] e [x—50=]7-x| f [2x+1]=]9-2x|

g |x+3]=|2x| h [4x—1]=]2-x] i [3x—4]=|2x+3]
6 Find the set of values of x for which

a |x-20]<2 b |2x—11]<5 ¢ [x-171>12

d |5x-221<40 e [x+4l<|x+1] f [x+2[>2x-5|

7 For each of the following, sketch y = | f(x) | and y=1(|x|) on separate diagrams showing the
coordinates of any points of intersection with the axes.

a f:x—>3x-1,xeR b f:x—=3-4x, xe R
¢ fix—4*-25 xeR d f:x>0+x)(5-x), xeR
e f:x—tanx, xeR, -5 <x<?Z f f:x—>e, xeR
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C3> FUNCTIONS Worksheet E

1 Describe how the graph of y = f(x) is transformed to give the graph of
a y=2+f(x+3) b y=2f(—x) ¢ y=3fx-1) d y=4-1(x)

2 a Express x*+ 6x +2 in the form a(x + b)* + c.

b Hence, describe two transformations that would map the graph of y =x onto the graph
of y=x"+6x+2.

3 Each of the following graphs is translated by 3 units in the positive x-direction and then stretched
by a factor of 2 in the y-direction, about the x-axis.

Find and simplify an equation of the graph obtained in each case.

a y=2x+7 b y=23¢" ¢ y=x"-3x+1 d y=l
X

4 Describe in order two transformations that would map the graph of

a y= |x| onto the graphofy=—|3x| b y=¢" onto the graph of y=5+¢™

c y= 1 onto the graph of y = % d y=Inx ontothe graphof y=2+31Inx

X X
5 Y A
(2, 6)
/\y = )
0] \ Vx

The diagram shows the curve with equation y = f(x) which is stationary at the point (2, 6).

Showing the coordinates of the stationary point in each case, sketch on separate diagrams the

graphs of
a y=1+1f(x—4) b y=3-1(x) c y=2f(x+1) d y=31f(2x)
6 The graph of y =x* + 4x — 2 undergoes the following three transformations:
first: translation by —2 units in the positive x-direction,

second: stretch by a factor of 3 in the y-direction, about the x-axis,
third:  reflection in the y-axis.

Find and simplify an equation of the graph obtained.

7 a Express 2x’ —4x + 7 in the form a(x + b)* + c.
b Hence, describe in order a sequence of transformations that would map the graph of
y=2x"—4x+7 onto the graph of y=x".
8 fx)=x’-3x>+4, xe R.
a Find the coordinates of the stationary points on the graph of y = f(x).

b Hence, find the coordinates of the stationary points on each of the following graphs.

i y=-2f(x) i y=3+f(1x) iii y=41f(x-2)
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C3 FUNCTIONS Worksheet E continued

9

10

11
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14

a Describe clearly, in order, the sequence of transformations that would map the graph of
y= Jx onto the graph of y=2 — 3Jx .

b Sketch the graph of y=2 — 3Jx showing the coordinates of any points where the graph
meets the coordinate axes.

VA B C
y=2—cos 2x°

A

0 x

The diagram shows part of the curve with equation y =2 — cos 2x°, x> 0.

a State the period of the curve.

b Write down the coordinates of the point A where the curve meets the y-axis.

¢ Write down the coordinates of B and C, the first two maximum points on the curve.

Sketch each of the following curves for x in the interval 0 <x <360. Show the coordinates of
any turning points and the equations of any asymptotes.

a y=3cos2x° b y=tan (—2x°) ¢ y=1+2sinx°
d y=-sin (x + 60)° e y=2cos (x—45)° f y=3—-tanx°
g y=2+cos 1x° h y=4sin x° i y=1-2cosx°

State the period of the curves with the equations
a y=2tan 3x°,

b y=1+sin kx°, giving your answer in terms of £.

f(x)=2sin 1x, 0<x<2m

a Sketch the graph y = f(x).
b State the coordinates of the maximum point of the curve.

¢ Solve the equation f(x) = V2, giving your answers in terms of 7.

y A A
y = a sin bx°

0 \\/ X

B

The graph shows the curve y =a sin bx°, 0 <x < 180.
The curve has a maximum at the point 4 with coordinates (45, 4).
a Find the values of the constants a and b.

b Write down the coordinates of the minimum point of the curve, B.
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C3> FUNCTIONS Worksheet F

1 a Express x* — 8x + 18 in the form (x + a)* + b.

b Find the distance of the vertex of the curve y =x> — 8x + 18 from the origin, giving
your answer in the form k5

¢ Describe two transformations that would map the graph of y =x" onto the graph
of y=x>—8x+18.

2 YA

y=1(x)

—4

The diagram shows the graph of y = f(x) which meets the coordinate axes at the points
(-2, 0), (0,-4) and (2, 0).

Showing the coordinates of any points of intersection with the coordinate axes, sketch on
separate diagrams the graphs of

a y=1[fx)
b y=4+1(x+2).

b

3 Sketch the curve with equation y =2 — 2 sinx for x in the interval 0 <x <2m.

Label on your sketch the coordinates of any maximum or minimum points and any points where
the curve meets the coordinate axes.

4 fo)= |2x+5], xe R.

a Sketch the graph y = f(x), showing the coordinates of any points where the graph meets the
coordinate axes.

b Evaluate ff(—4).
gx)="f(x+ k), xe R.

¢ State the value of the constant & for which g(x) is symmetrical about the y-axis.

5 VA

The diagram shows the curve y=a + bsinx, 0<x<360°.
The curve meets the y-axis at the point 4 (0, 2) and has a maximum at the point B (90°, 7).
a Find the values of the constants a and b.

b Find the x-coordinates of the points C and D, where the curve crosses the x-axis.
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C3 FUNCTIONS Worksheet F continued

6

10

11

a Sketch the curve y =3 cos 2x° for x in the interval 0 <x < 360.
b Write down the coordinates of the points where the curve intersects the x-axis.

¢ Write down the coordinates of the turning points of the curve.

Y A
4.4

y=1x)

ol / (7,0) N

The diagram shows the curve with equation y = f(x) which has two stationary points with
coordinates (4, 4) and (7, 0).

Showing the coordinates of any stationary points, sketch on separate diagrams the curves
a y=1+2f(x),
b y=f(-3x).

a Sketch the curve y = £ +sin 3x for x in the interval 0 <x < 180°.
b Write down the coordinates of the turning points of the curve.

¢ Find the x-coordinates of the points where the curve crosses the x-axis.

The function f is defined by

fix— x? -2, xeR, x=0.

Showing the coordinates of any points where each graph meets the coordinate axes, sketch on
separate diagrams the graphs of

a y=1(x),
b y=2+|fw],
¢ y=3f(x+1).

Sketch the curve y =4sin (x + §) forx in the interval 0 <x <2m.
Label on your sketch
i the value of x at each point where the curve intersects the x-axis,

ii the coordinates of the maximum and minimum points of the curve.

fx) = 3x_5, xe R, x#2.
x=2

a Find f '(x) and state its domain.
b Hence, or otherwise, solve the equation f(x) = 4.

¢ Find the values of ¢ and b such that

b
=a+ ——
f(x)=a -

d Hence, describe two transformations that map the graph of y = 1 onto the graph of y = f(x).
X
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C3> FUNCTIONS

5

Worksheet G

f:x—>2+logsx, xe R, x>0.
a Evaluate ff(1).
b Solve the equation f(x)=0.

¢ Find the inverse function f ' (x).

The function f'is defined by

f:ix— |3x—a ,xeR.
where a is a positive constant.
a Find ff(—2a).

b Sketch the graph y = f(x), showing the coordinates of any points where the graph
meets the coordinate axes.

¢ Solve the equation f(x)=x, giving your answers in terms of a.

v A
y=1(x)
ol /(2.0 x

(0’ _3)

The diagram shows the graph of y = f(x) which meets the x-axis at the point ($, 0) and
the y-axis at the point (0, =3).
a Sketch on separate diagrams the graphs of
i y=lfwl,
i y=~1"(x).
Given that f(x) is of the form f(x) = ax® + b, xeR, x>0,
b find the values of the constants a and b,

¢ find an expression for f 7' (x).

The function f is defined by

f:x— iz, xeR, x#1.
—

a Show that ff(x)=x forallxe R, x# 1.
b Hence, write down an expression for £ ~(x).
The function g is defined by
g:x—>2x-3, xe R.
¢ Solve the equation gf(x)=0.

a Sketch on the same set of axes the graphs of y = |x| and y= |2x - 3].
b Hence, or otherwise, solve the equation
|x | = | 2x -3 | .
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C3 FUNCTIONS

Worksheet G continued

10

The function f(x) is defined for all real values of x by
fx)=x+2, x<lI,
fx) =4 - x°, x>1.

a Sketch the graph of f(x) showing the coordinates of any points of intersection with the

coordinate axes.
b Evaluate ff(3).
Solve the equation f(x)=1.

The functions f and g are defined by
f:x—hkx+2, xeR,
g:x—>x-3k xeR,

where k is a constant.

a Find expressions in terms of & for

i (),
ii fg(x).
Given that fg(7) =4,
b find the two possible values of k.

fx)=x"—4x+5, xe R, x>2.
Express f(x) in the form a(x + b)* + c.

State the range of f.

T

Find an expression for f ~'(x) and state its domain.

o o

Sketch the graphs of y =f(x) and y=f"'(x) on the same diagram and state the
relationship between the graphs.
The functions f and g are defined by

f:x>x*+4, xe R,
g:x—>2x—l, xe R, x#0.
X

a Evaluate gf(-2).
b Find and simplify an expression for fg(x).
¢ Find the values of x for which fg(x) = 5.

The function f is given by
fix— e -3, xe R.
a Find f ~'(x) and state its domain.

b Sketch the curve y=f'(x), showing the coordinates of any points of intersection
with the coordinate axes.

The function g is given by

g:x—>Inx+5), xe R, x>-5.
¢ Evaluate fg(4).
d Solve the equation f'(x) = g(x).
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C3> FUNCTIONS Worksheet H

1 The function f is defined by
f:x—>3+In(x+2), xe R, x>k,
where k is a constant.
Given that the range of fis f(x) >3,
a find the value of £,
b find f '(x), stating its domain clearly.
The function g is defined by
g:x—>4+In(x-1), xeR, x>1.

¢ Find, in terms of e, the value of x such that f(x) = g(x).

2 YV A
—
0,4)
y=1x)
0 (6, 0) \ g

The diagram shows the curve with equation y = f(x) which crosses the coordinate axes
at the points (0, 4) and (6, 0).

Showing the coordinates of any points of intersection with the axes, sketch on separate
diagrams the curves

a y=1(]x|),
b y=4-1x),
¢ y=21(3x).

3 The functions fand g are given by

f(x) = %, xe R, x#-2,
X

g(x) = é, xeR, x#0
X

a Solve the equation fg(x)=4.
b Find f '(x), stating its domain clearly.
¢ Solve the equation f(x)=f"'(x).

4 The function f'is defined by
fx)=x*-2x-9, xe R, x>k
a Find the minimum value of the constant & for which f ~'(x) exists.
Given that k takes the value found in part a,
b solve the equation f~'(x) =4,
¢ sketch the curve y = |f(x) | ,
d find the values of x for which | f(x)| = 6.
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C3 FUNCTIONS

Worksheet H continued

a
b

The function f is defined by

f:x—>2—é, xeR, x#0.
X

Find the value of ff(1).

Find f ~'(x) and state its domain.

The function g is defined by

C

a
b

C

g:x—>x, xe R.

Solve the equation gf(x)=1.

The function f is defined by

fix— e =2, xe R.
Evaluate f(In 9).
State the range of f.

Find f '(x) and state its domain.

The function g is defined by

d

(¢

g:x—>x2+4x, xe R.
Find and simplify an expression for gf(x).

Solve the equation gf(x) +1=0.
Y A

y=1(x)

(=3.0)
—4 0 2

(©, —n\

=V

The diagram shows the curve y = f(x). The domain of fis —4 <x <2 and the curve
intersects the coordinate axes at the points (-3, 0) and (0, —1).

a
b

Explain how the graph shows that f is one-one.

Showing the coordinates of any points of intersection with the axes, sketch on
separate diagrams the graphs of

i y=lfwl,
i y=f"(x).
f(x) = S R L, xe R, x=>2.
(x+D)(2x-3)  x+1
Show that f(x) = 2
2x-3
Find the range of f.

Find an expression for f ™' (x).
glx) = 1 xeR, xz2.
x=2
Solve the equation fg(x) = 2.
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