A LEVEL MATHEMATICS ANSWERS AND MARKSCHEMES

CENTRE OF MASS 2

1. a) Let m = mass of unit area,
y = 0.2x

y =-0.2x

Consider a strip as shown M1 Al
length is 2y, thickness & = mass of strip = 2ndx.
Moment of strip about y-axis = 2w/ x X.

For whole triangle, area £ x 0.4Hx H = 0.2H

Let X be distance of centre of mass from y-axis.

Then moment of whole = 0.2mX . B1
H
So: 0.2Hmx = JZmyxdx M1
0
H
= 2mj0.2x2dx
0
3 H
_ Zm{O.ZX }
3 0
3
0.2Hmx = 0""2“ Al
5z = 04H_2H Al
0.6 3
(6]

b) Consider the limiting case when triangle is about to topple:
M1 (topples if line of action of

weight outside area of contact)

AR
From a), we have : tan = % M1 Al
3
= g Al
If > tari*(2), it will topple M1
tari*(¥), = 31°= topples Al

[6]
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CENTRE OF MASS 2

2.2) V = zfy’dx M1
4
= nIx3dx
0
4 4
= n{x—} Al
4 0
= 641 Al
[3]

b) Let m be mass of unit volume
Consider the solid to be composed of discs.
Each disc has radius y and thickn&ss
Each disc has masg“mdx. M1 Al
— moment of disc about y-axismmy’xx

Let X be distance of centre of mass from y-axis.

So moment of whole body = ithX Bl
4
So 64tmX = nmjyzxdx M1
0
4
= nmjx“dx Al
0
4
= m —
5
0
64rmx = 10254“”1 Al
X = %3 Al

[7]

c)
M1 (Centre of mass directly
below point of suspension)
418
— 5
tamy = 5 M1 (tar) AL f.t. (4-12)

Al c.a.o. (8)

= 01

o = 5.7r Al

[5]
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A LEVEL MATHEMATICS ANSWERS AND MARKSCHEMES
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3. a) Let m = mass of unit volume.

ol
N

Consider cone to be composed of discs of radius y, thickmess }

Then moment of each disc about y-axismy’xdx. M1 Al
Let distance of centre of mass from y-axisxoe
Then moment of whole thing %nRZHmi Bl
Similar triangles=> XzB M1
x H
R
y H
2 2
So mR°Hm o =Inm[5xj xdx M1
3 5 H
2 H
= nm? Ix3dx
0
~ mmR? {x“}
=—| =
H 4,
2 244
R Hmi _ mmR 2H Al
3 4H
sO X = 3H Al c.a.o.
4
(8l
b)
Body Mass Distance of centre of magss
from common plane face
Cone 1 2 h M1
3™hm 4 Al
Hemisphere 2 3m 3 Al
3 8
Combined ar2
body ? m(h + 2r) d
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QUESTION 3 b) CONTINUED
2

Solnrzhmxh+gnr3mx—£ = m(h+2r)><d
4 3 8 3
2 2
b L 23 = (h+ond
4 4
2 2
h*—3r - d
4(h+2r)

c)d=0
h>—3F=0

h:\/§r

d)

P

The radius GP will be perpendicular to the ground

since a radius at a point is perpendicular to the tangent at that point.
So G is directly above the point of contact. Bl

M1
M1

Al
[6]
M1

Al
(2]

Bl
B1

3]
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4. a) Line intersects curve when xt=2 Bl
y = 2%
y=4
Area of lamina = area of rectanglearea under curve M1
Area of rectangle = 16 Bl
2
Area under curve = _[xzdx M1

-2
2
3 2
16
3
32
3

= Al
Area of lamina = Al
[6]
b) Because the y-axis is a line of symmetry of A Bl

[1]

c) Let m be the mass of unit area.
Consider the lamina to be composed of strips
Each has length 2x and thicknégs M1Al
Then moment of each strip about x-axis i2xdyxy

Let y = distance of centre of mass from x-axis.

Then moment of lamina 3’3@7 Bl
4
8032—my = Zmeydy M1
3 0
X = .Jy B1
4 1 4 3
So?’z—my = ZmeEydy = ZmeZdy
3
0 0
L4
= 2m % = omx 2 Al
> 5
2 lo
Soy=%2 Al

[7]
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QUESTION 4 CONTINUED

d) Limiting case:

M1
tam = 212 M1 Al
s
=5
4
a = 5I° Al
[4]
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=Xx=2-X M1
X*+x—-2=0
x+2)(x-1)=0 M1
x=1,-2 Al (x=1)
y=1,4 Al (y=1)
[4]
b) y=x
y=2-X
Cone has height 1, radius 1 Bl
Volume of cone %nrzh =% B1
For curve:
1
volume = nIxzdy M1
0
1
= n_[ydy Al
0
1
2
=gl | =z AL
2 2
0
5n
total volume = ry Bl
(6]
¢) The y-axis is a line of symmetry, so the centre of mass must lie on it Bl

Let m be mass of unit volume.
For the “y = X" portion :

‘o

Consider a disc of radius X, thickneégs
Then moment of disc about x-axisasixydy

Let distance of centre of mass of body from x-axig/be

Then moment of body ié“zmy

Page 7
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A LEVEL MATHEMATICS ANSWERS AND MARKSCHEMES

QUESTION 5 c) CONTINUED

CENTRE OF MASS 2

1
so ™My = nmszydy
2 0
1
= nmjyzdy
0
3 1
- nm{y_}
3 0
L
3
y=3
Whole thing :
Body Mass Distance of centre of mass
from x-axis
ij %nm 1+%
vl
Whole 5tm
thing 6 d

Require centre of mass to be vertically above area of contact.
The furthest point from the cone’s vertex for which this is true

is point P, as shown, which is vertically above point A.

VA =4/2

soVP =2

But distance from V to centre of masslik
= can rest in equilibrium.

M1

Al

Al

M1 Al

Al

M1

Al
[13]

Al
[4]

M1

M1 Al
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Equation of semicircle is® y* = 4F M1 Al
Require volume between this and the liney =r M1
Volume = nIdey M1
2r
= “I‘"Z —y?dy Al
3 2r
=nf arzy- L Al
|: y 3 :|r
3 3 3
e T AP L P Al
3 3 3

[7]

b) Let m be mass of unit area.
r

TS

/ \

Consider a disc of radius X, thickneégs }

Then moment of disc about x-axistmx’ydy M1
Let centre of mass of whole body be at distapcieom x-axis.
3
Then moment of cementgnTr my Bl
3 2r
so M my = nmszydy M1
3 r
2r
=nmj4r2y— y3dy Al
r
4 2r
=qm| 2r2y? — L
|: y 4 :|r
3 4 4
SU” g =am| 8rt—art gty | I Al
3 4 4
27r
o< Al
Y 20

[7]
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QUESTION 6 CONTINUED

c)

Centre of mass vertically below point of suspension. M1
27r
tam = 29 M1 Al
2r
o =3% Al
[4]
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4
.a) V = njyzdx M1
0
4
= nfxdx
0
2 4
= n{x—} Al
2 0
= 8n Al
3]
b) Centre of mass must be on x-axis, by symmetry B1

Let m = mass of unit volume

Consider the solid to be composed of discs.

Each disc has radius y, thickneéss

each disc has massuyiox. M1 Al
So moment of disc about y-axisigy’x8x.

Let X be distance of centre of mass of body from y-axis.

So moment of whole body 8rmx Bl
4
So 8nmx = nmjyzxdx M1
0
4
= nmszdx Al
0
= Tm| —
3 0
grmx = oMM Al
3
X :% Al
(8]
c
Body Mass Distance of centre of mass
from base of cone
Cone M 1 M1 Al
2
Solid of rotation| M 4
3
Combined body| M+ M, 0
1 4
My = g M Al

(or ratio 8 : 3)
[4]
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8. a) Consider the cone to be composed of triangular strips, as shown: M1

The centre of mass of each triangle is at two thirds of

the distance from the plane face to the vertex. Bl
So the centre of mass of entire cone is at distdtéom vertex, Al
and by symmetry, is on the axis of the cone. B1
[4]
b) Masses areinratio1: 3 Bl
Body Mass Distance of centre of mass
from base of cone
Small m R M1 Al
Cone SR+ 3
Large 3m 2R
Cone
Combined| 4m d
body
Somx%+3mx2R:4md M1
ZR=d Al

[5]

c) The limiting case is shown in the diagram.

M1 Al
tard -R =1 M1
R
0 =45 Al

[4]
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9. a) Let m = mass of unit area

Nttt e \/

Consider the lamina to be composed of strips of length 2y, thickress
mass of each strip = 2y M1 Al
moment of each strip above y-axis = 218y

Let X be distance of centre of mass of lamina from y-axis
2

Then moment of whole body Frr “mx Bl
r

Sozar’mx = 2m|xydx M1
0

ButX+y =r B1

,
mx = Zme r2 —x2dx
0
Using the substitution  “u=r — ¥
S0 2udu = -2xdx

So Lxr?

X=0=>u-=r M1A1l
X=r=>u=0
0
Sozar’mx = 2m[-u’du Al

I

)

3

|
oo|Cw
1
- o

X=— Al
9]
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A LEVEL MATHEMATICS ANSWERS AND MARKSCHEMES

QUESTION 9 CONTINUED

b)

CENTRE OF MASS 2

Body Mass Distance of centre of
mass from AB
2
) - o
- 2 3
/\ mR? | 4R
<= 2 3n
So 7rm(R2—r2)d+nmrzﬂ mRzﬁ
3n 3n
g- 4 R32— r3
3R

M1 Al

M1

Al

[4]

M1 (centre of mass vertically
below point of suspension)

M1

Bl

Al

Al
[5]
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2
10a) Areaof A = j x3dx M1
0
472
= |:X_:| =4 Al
4 0
Mass = 0.1x 4 = 0.4kg Al
(3]
b)

SN

7

Consider lamina to be composed of strips of length y, thiclé‘nes} M1
Mass of each strip = 0.&y.

Centre of mass of each strip has coordinate$ Jx, B1 B1
For whole body, centre of mass has coordingieg)
Moments about y-axis :

2
0.4% = jo.lyxdx M1
0
2
= jo.lx“dx
0
5 2
0.1{’(—}
5 0
0.4X = O.lX% Al
X = 8 Al
Moments about x-axis :
2
04y = IO.ldex M1
5 2
2
- 01 xdx Al
0
217 0
2 7
y=1 Al

[9]
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A LEVEL MATHEMATICS ANSWERS AND MARKSCHEMES

CENTRE OF MASS 2
QUESTION 10 CONTINUED

c)

o M1 (Centre of mass below
point of suspension)

16
- 7
tam = ? M1
5
a = 550 Al
(3]
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11a) Volume = njyzdx M1
3 ax 3
= nje“dx= n{e—} Al
2 4 2
2 8
= n[el _ej Al
4
(3]

b) Let m = mass of unit volume
Consider body to be composed of discs of radius y, thickixess

mass of each disc ®my®s  x M1 Al
Moment of each disc about y-axisemy*x8  x

If X = distance of centre of mass of body from y-axis,

el _gb
moment of whole body about y-axismE 2 jmi Bl
m 3
So T(el2 —eg)i =nmjy2xdx M1
2
3
=nmjxe4xdx Al
2
Using integration by parts :
3
4x 3 4x
ﬂ(elz—e8)7= am | X€ —IE dx M1 Al
4 4 4
2 2
4% ax
= X -2 Al
4 16
2
12 8
= 1mm £'e _E Al
16 16
12 -8
% = 124 ' 1le - 7€ M1
e —-e 16
4 p—
_ 11e4 7 Al
4ie —1’
[11]
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QUESTION 11 CONTINUED

c)

mg

If body is about to slide :

Resolving : parallel to plane: mgsisr F }
perpendicular to plane: mgdbs R M1 Al
F=uR=pu=tard Al
sincen< 1,0 <45 Bl
If body is about to topple : M1
et
tarh = — Al
d
where d = distance of centre of mass from smaller face
A
_ 11e4 7 5 B1
4e” -1
12 -7-8"+8  3e'+1
4le* -1) 4e* -1)
This givesd = 89.2 Al

So it will slide before it topples.

(8]
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12a) Area = Icosx M1
= [sinx]?, = 2 AL

(2]
b) 0 (by symmetry) Bl

(1]

c) Let m = mass of unit area

SIS

/ N
Consider the lamina to be composed of strips of length 2x, thicBpess
mass of each strip = 2 M1 Al
Moment of each strip about x-axis = 2ndyy
Moment of whole body about x-axis = 3m Bl
wherey is the y-coordinate of the centre of mass
1
SO : Zmeydy = 2my M1
0
1
X=cos'y = chos‘l ydy=y Al
0
}[5]
d)
F
\
mg
(04
Resolving : parallel to plane: F =mgsin }
perpendicular to plane: R = mgeos M1 Al
Will not slip = F<uR M1
mg sim < umg cost
tam < p Al

[4]
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QUESTION 12 CONTINUED

e) If about to topple :

M1
G (0
[
T
tam = % M1 Al
8
= 4 Al
= topples if tan > 4
(4]
f) Maximum value ofiis 1 Bl
So oncex reaches 45, it slips Bl
(2]
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13.a) Volume = nIxzdy M1
kazy
= =d Al
7 ! - dy
y? “ nka’
= 2] = Al
%%
3]
b) x-coordinate is 0, by symmetry Bl

Let m = mass of unit volume
Consider solid to be composed of discs of radius x, thickiess } M1Al

Moment of each disc about x-axismnx?yd vy

Let ¥ be coordinate of centre of mass of solid.
4

Moment of whole body about x-axis mka my Bl
4 ka?
So k@ my = Inmxzydy M1
0
ka’? o
= | Y gy Al
k
0
3 ka
- nm{v_}
3K |,
_ nmk?a®
3
2ka’
y = Al
Y 3
[7]
©) 1) y=4x y=x"
required area
Fory=xX: k=1 a=2 M1 Al
4
Volume = % = 8n Al
Fory=4X k=4 a=1 Al
Volume = n—24 = 2n Al
Total volume = 8 — 2n = 6rn M1 Al

[7]
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QUESTION 13 c) CONTINUED

i)

CENTRE OF MASS 2

Body Mass Distance of centre of
mass from x-axis

Solid fromy = 4% | 2am 2xdx12 8
3 3

A 6mm d

Solid fromy=X | 8wm 241x 22 8
33

SO 2nmxg+6nmxd=8nmx%

d

Coordinates are (G})

d) Ifitis about to topple :

w 100

T

tam =

w o] N

o=236.9

= will topple if o = 40

M1

M1 Al

M1
Al

[6]

M1

M1 Al Al ft.

Al
Bl

[6]
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14.a)V = =fy’dx M1
1
= nIXZ(Z—x)de
0
1
= nf4x2—4x3+x4dx Al
0
3 51
= g X e X Al
3 5
0
- & Al
15
[4]
b) O, B1
since body is symmetrical about x-axis Bl

(2]

¢) Let m = mass of unit volume
Consider the body to be composed of discs of radius y, thickres

mass of disc ztmy?8 x M1A1
Moment of disc about y-axis #mxy?5 X

Let X be x-coordinate of centre of mass of solid.

Moment of solid about y-axis %mi Bl
8n h

So—mx = nm_[ xyZdx M1
15 5
1

= nmj4x3—4x4+x5dx Al
0

PUCINNCH 11xm
= amx* -2+ 2 = — Al
5 6 30
X = % Al
[7]
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QUESTION 14 CONTINUED
d F
) R

mg

If body is about to slide :

Resolving parallel to plane: F = mgain

perpendicular to plane R =mg ces } M1 Al
F=uR= pu=tam Bl
Sincep < 1, it will slide whero, = 45, or before Bl

If body is about to topple:

M1
— 1 — 16
tam = 5= M1 Al
16
a>45 Bl
so slides before it topples B1

[9]
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15a)

A

Let m = mass of unit length

Consider an element subtending an adfleas shown }
mass of element = 136. M1
Moment of element about OA = Bt rco® M1 Al

If d = distance of centre of mass of arc from OA,

Moment of whole body = 2md B1
So 2mnd = Imrz cosHdo M1
= mr?[sino],
= mr?2sina Al
4 = Isina AL
a

[7]

b) Let m = mass of unit area
The sector can be considered to be composed of elemental arc},

each of radius x, thicknesx M1
mass of each arc = 2(RrdX
Moment of each arc about OA i8mox3dX x Xsina M1 Al
04
Let d = distance of centre of mass of lamina from OA.
Moment of whole body = rind B1
r
Somfad = 2msimfx2dx M1
0
3 r
= 2msim{x—}
3
0
_o2me
= sina
q = 2rsino Al
3a
(6]
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